Linearly
approximating
Neural Networks
to formally verify
Its properties




Final goal

Represent a neural network
as a logical formula in order
to formally verify and
explain certain properties

One way to try and
desmistify the black box
nature of neural networks




Understanding
the problem

Lukasiewicz Logic

McNaughton's Theorem

Modulo Satisfability

Neural Networks

Segmented Regression



Lukasiewicz

Logic
via — B) = min(1,1 —v(a) + v(5))

Extension of Classical Propositional Logic def

Tries to capture the concept of "half truths" v(—ICV) d:f 1 — U(CV)
€

Variables can be evaluated to any number
in [0, 1]
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McNaughton's
Theorem

Definition 9. A MeNaughton function is a function f @ |0,1)™ — |0, 1] such
that

flzy, T2, ooy 0 ) = min(maz(0, b+ myxy + MoXs + .o + MpTy ), 1)

where b and m; are inlegers.

Theorem 1. For any function f: [0, 1" — [0, 1]
flzy, Tq, ...y op) = minimaz(0, b + myz + maza + ... + MpTa), 1),

there is a logical formula S(py, p2, , ..., Pn) 0 Lukasicwicz Logic, such that v(5) =
f, where p; are sentential variables such that vip;) = =;.




Known Result

Rational McNaughton functions can
approximate any continuous function



One problem



Rational McNaughton functions can
approximate any continuous function



Rational McNaughton functions can
approximate any continuous function

But McNaughton's theorem speaks only of
functions with integer coefficients
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Modulo Satisfability

Modulo satisfability is way to
represent rational McNaughton
functions with Lukasiewicz
_0giC

Define a valuation function for
the formula ¢ as a function that
satisfies all formulas in a set @



https://www.greeksymbols.net/phi-symbol
https://www.greeksymbols.net/phi-symbol
https://www.greeksymbols.net/phi-symbol

(i, B = <Z3—y {4] & —(d — 1)4:%})
v(®) =v(Z1 > ~(d—1)Z1)




(p, B) = <ZJ_£, {4] & —(d— 1)43})
v(®) =v(Zy > ~(d—1)Z1)
0(®) =1 - [v(Z1) — (d— 1)v(~Z

1
d

)




(0, @) = (21,{ 21 & ~(d—1)Z: })
v(®) =v(Zy > ~(d—1)Z1)

v(P) =1 — \?J*(Z%) — (d — 1)1;(—~Z%)\
v(P) =1 — \’U(Z%) — 11— (d—1)v(Z

i [

L

)|l




w8 = (23, {7 0--17}) [ v s =1-l(@)—u(B)

v(®) = v(Z1 <> ~(d—1)Z1) v(na) =1-v(a)
o(®) = 1—[0(Z;) — (d— 1)v(~Z1) v(®) =
0(®) =1 - [v(Zy) — [1 - (d — 1)u(Zy)]
0(®) =1~ [v(Z1) — 1+ (d - 1)v(Zy)



(p, @) = <Zéj {Z:‘; < (d — l)Zé}>

v(®) =v(Zy > ~(d—1)Z1)
v(P) =1 — \fU(Z%) — (d — 1)1:(—12%)\

v(P) =1 — \’L‘(Z%) — |1 — (d — 1)?}(25):\
v(®)=1—|v(Zs) -1+ (d—1)v(Z1)
v(P)=1— “L‘(Z%) — 1 +dfu(Zé) —‘L‘(Z%)‘

v(a < f) =1—|v(a) —v(B)]

v(—a) =1—v(a)
v(P) =1




2= (2 {230 ~@-17}) | vaeop)=1-lo(@) - ()

0(®) = v(Zs <> ~(d—1)Z1) v(na) =1—v(a)
o(®) =1 [0(Zy) = (d — 1)o(=Zy) -
0(®) = 1—[v(Zy) ~ [1 = (d— Du(Zy)]
0(®) =1~ [v(Z1) — 1+ (d — 1)v(Zy)
o(®) = 1= [0(Zy) — 1+ dv(Zy) — o(Zy)
0(®) =1~ |~ 1+dv(Z1)| = ~1+dv(Z1) =0



2= (2 {230 ~@-17}) | vaeop)=1-lo(@) - ()

0(®) = v(Zs <> ~(d—1)Z1) v(na) =1—v(a)
o(®) =1 [0(Zy) = (d — 1)o(=Zy) -
0(®) = 1—[v(Zy) ~ [1 = (d— Du(Zy)]
0(®) =1~ [v(Z1) — 1+ (d — 1)v(Zy)
o(®) = 1= [0(Zy) — 1+ dv(Zy) — o(Zy)
0(®) =1~ |~ 1+dv(Z1)| = ~1+dv(Z1) =0

1+ dv(Z ):0-{:}(3?;*(21&):1

ELl—=



2= (2 {230 ~@-17}) | vaeop)=1-lo(@) - ()

0(®) = v(Zs <> ~(d—1)Z1) v(na) =1—v(a)
o(®) =1 [0(Zy) = (d — 1)o(=Zy) -
0(®) = 1—[v(Zy) ~ [1 = (d— Du(Zy)]
0(®) =1~ [v(Z1) — 1+ (d — 1)v(Zy)
o(®) = 1= [0(Zy) — 1+ dv(Zy) — o(Zy)
0(®) =1~ |~ 1+dv(Z1)| = ~1+dv(Z1) =0
14 dw(Z%) = () <= dfu(Z%) =1

v(Z1) = -
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Neural
Networks

Can approximate any continuous
function by generating a
continuous function

Input layer

Hidden layer

Output layer

ey Xn)
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Segmented
Regression

Use an algorithm based on
Dynammic programming to
obtain the hyperplanes that best
fit subsets of the input points
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Figure 3.1: Continuous one-variable function approximated by rational McNaughton functions



Algorithm 2 Segmented Regression by Dynamic Programming

o
Input
g O r I m X  Data matrix of points sampled

y  Data matrix of outputs of the f evaluated on X
C  Cost for creating a segment

Output
Cost for creating the optimal piecewise linear function

OPT[0] « 0

Segmented o € 1, N} d

forie{l,.., j}do
err(i, j) < least square error for indices in the interval {i,i + 1, ..., j}

regression  .:©

for je{1,..,N}do

OPT|j] = min,;(err(i, j) + OPT[i — 1] + C)
end for
return OPT|[n]|
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Putting it all together

Approximate

Represent .
. the network P . Verity
Train a . the function .
via . properties of
neural net as a logical
segmented the network
formula

regression



EXperiments
on Neural
Networks

XOR Network




y

Digression I. 000—100—110—111 000—100—101—111
o

Simplex 7

2

Division

Partition the domain in mulitple 000—-010—110—111 000—010—011—111

[

000—»001—-101—-111 000—-001-011-111

N

pieces each one being a simplex
in a way such that they cover the
whole space

N



Simplex Division to force
continuity




Simplex Division to force
continuity




Simplex Division to force
continuity




Digression Il: Order
matters

X1: sorting by the first coordinate x;

C: sorting based on values ¢ = x; — xo.



Accessibility

Verity if the network reaches a
certain state/value

Accesibility

Parameters|Result
=kl v
=02 v
=03 v
T =104 v
e =5 v
T =0.6 v
=0 v
T =0.28 v
T=109 v




I Robustness

. Parameters Result
Robustness e

| 1 =0.75,£ = 0.1

Verify how much the value of a 7 =0.75¢=0.2 |

neural network if affected by a

"small" perturbation 7 =0.75¢=0.25

| 7 =0.75,6 = 0.3

7 =0.75,€ = 0.35

=I5 e=04

x| XXX N NN\

|71 =0.75,6 = 0.5




Conclusions
and ruture

work




