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f(t) =
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k=0

Ak sin(kωt+ φk)
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f(t)

ω
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f(t) (= 2π/T )
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f(t) =
∞∑

k=0

(ak cos kωt+ bk sin kωt)
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ak = Ak sinφk
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bk = Ak cosφk
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ak =
2

T

∫ T

0

f(t) cos kωtdt,

bk =
2

T

∫ T

0

f(t) sin kωtdt.
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f(t) = a0 cos 0 + b0 sin 0 + a1 cosωt+ b1 sinωt+ . . .+ ak cos kωt+ bk sin kωt+ . . .
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cos(kω(t+ T )) = cos(kωt+ k2π) = cos(kωt) sin(kω(t+ T )) = sin(kωt+ k2π) = sin(kωt)
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ωp+I%K 2π
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f(t) =

∞∑
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(
ak cos
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+ bk sin

2πkt

T
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cos 2πkt
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sin 2πnt
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B�D
n, k >= 1

∫ T
0

cos 2πkt
T

cos 2πnt
T
dt =





T/2
BED
k = n

0
BED
k 6= n

∫ T
0

sin 2πkt
T

sin 2πnt
T
dt =





T/2
BED
k = n

0
BED
k 6= n

p+I/F6DWl~I%BLlqJ6?�RT@Cp6?A@Cvd\�KÙ\3D�Å�p6KED�BEBEV�I 8�9Y_3p+I%K
sin 2πkt

T

DN@A;SRTD��%KT\�KLF&D*{^\
T
Û6I%�&REDW;6F&I

∫ T

0

f(t) sin
2πkt

T
dt = bk

T

2
.

:<;>\�?CI%�S\�l~DW;SRTDeÛªi¹\��WD�;6F6I I p6K�I�F6J�RTI DW;SRTK�DX\ D�Å�p6KED�BEBEV�I 8�9`_áD
cos 2πkt

T

DÄ@A;SRTD��%KT\�;&F6I F6DX{ \
T
Û

I��&RTD�lmI%B
∫ T

0

f(t) cos
2πkt

T
dt = ak

T

2
.

��D�B�RT\�B<DíÅ�p6KED�BEBEÂ/DWB<BED��%J6DWl \eBoK�DW?A\�UWÂ/DWBLD�;�REKED
f(t)

Û
ak
D
bk
F6I^D�;/J&;6vW@A\�F6I~F6I~REDWI%K�DWlm\&9

j ��56�#1
¥ý�+��k 56�!5¯�!-`o£�+ £��.¹-��
t�J&p�I%;&Ý>\�l~I%B~\��%I%KE\���J6DÒ��J6DWK�DWl~I%B¦\�;6\�?A@CBT\�KqI¯BE@C;>\�?LF6DXRTD�lmp+I¯v�I%;SRTµC;/J&I

f(t)
ÛbF6D�F&J6KT\�UWV�I

@C;&¶>;6@�Ry\w\k¶>��J6KT\Ä8/9 í�]í9<:Sh ü ��ð öv	dú�ü-2 � ø � ø/÷*ù!ú�û/ü�ôý÷�ü:¦¤ù!ú�û�üíôý÷�ü h ü ��ð öv	dú�ü-2 ò ù h¨§q�uJ6lm\mI�p�D�KT\�UWV�I
��J6D�lm\�p�D�@�\ÿJ6l BE@A;6\�?4F6D RTD�lmp+I�vWI%;SRTµC;�J6I p+I%KXJ6lm\ BEI%lm\ F6D¯@C;&¶>;6@�Ry\�BxBE�WK�@AD�B�F6D�H>I%J6K�@AD�KÄF6D

s



-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0  50  100  150  200  250  300

line 1

Hï@A��J6KT\^8�9£í � n�DWp6K�DWB�DW;SRy\�UWV�IxF&DMJ&l�BE@C;>\�?þv�I%;SRTµA;�J6I~;6I^F6I%l~µA;&@AIqF6I3REDWl~p�Iw\�©Y8�ª3]

 0

 2

 4

 6

 8

 10

 12

 14

 16

 0  20  40  60  80  100  120  140  160

line 1

Hï@C�%J6KE\^8�9 8 � ��B�p�D�v�REKEIxF&DMlm\��%;&@CRTJ&F6DGF6I^BE@C;>\�?þF&DMD�;SRTKT\eF>\~F6\^¶>��J6KT\~8�9£í:\¢©`8�ª«]

íd{



B�DW;6I�@AF>\�@CBGDW?CDWl~DW;SRy\eKEDWB�ÛþvWI�l i¹\�B�DWB4D^\�l~p6?A@�RTJ6F&DWB�F&@CikDWK�DW;SRTD�BW9q�4J B�D��E\&Û£\ÄH#Z v�I%;Sc%DWKjRTD^IÄBE@C;>\�?#F6D
D�;SRTKT\eF>\~D�l�J6lm\3KEDWp&KEDWB�DW;SRy\eUdV�ImDWBEp+DWv�RTKE\�?�vWI%K�KED�BEp+I%;6F6D�;�RED�9

� ÷yö��>÷ � �¤üTú F>\3HïZ KED�p6KED�BED�;�RT\^REI�F6\�BL\�B�ikK�DW���6�W;&vW@�\eBLF6D
0
\ ∞ �<�4v�I%lÚ@Alm\��%DWlàK�D$¬>D�RT@AF6\q;>\�B

ikK�DW���6��;6vW@A\�B*;&DW�S\eRE@Cce\�B:\k¶6�%J6KT\�8�9Y87]�9x��DW;&I�Ry\�K�DWl~I%BNDWB�BEDxD�BEp+DWv�RTKEI²p�I%K
F (ω)

Û£I%;6F6D
ω = 2πf

9m:
ik´�KElqJ6?A\qF>\^HïZ � �

F (ω) =

∫ ∞

−∞
f(t)e−iωtdt.

a�\�F6\Äce\�?CI%KGF6D
F (ω)

�^J6l�;�w6l~DWK�IÒv�I%l~p6?ADíÅ&IÄF6\ÄikI�KElm\
a + bi

Û!F&D~I�;6F6D^BED3p+I�F&D3D�Å/RTKE\�@AKN\
lm\��%;&@CRTJ&F6DC\ √

a2 + b2
]bDM\qi¹\�B�DU\

arctan(b/a)
]�F>\3vWI%l~p+I%;6DW;SREDMB�DW;6I�@AF>\�?�v�I%lrikK�DW���6�W;&vW@�\

f
�<�e9

±ol \eBEp+DWv�REIGF6@C�%;6IoF6Db;6IeRy\<�Ù��J6DL\�H#ZÿF6@Cc/@CF6Db\<\�l~p6?A@�RTJ6F6D�@C�%J>\�?ClmD�;�RED�DW;SRTK�DbI%B#vWI%l~p�I�;6DW;SRTD�B
F&DÒikK�DW���6�W;&vW@�\ p+I%BE@�RT@Cce\áDX;6D��S\eRT@�ce\&9�:�BEB�@AlÒÛb\�\�l~p6?A@�RTJ6F&D¦F6DÄRTI/F6I%B^I%B^vWI�lmp+I%;6D�;�REDWB~�X@A�%J>\e?Lê
l~D�RT\�F6D4F6DNB�DWJ�ce\�?CI%K�K�Dd\�?¤9

j ��56�#1
¥ý�+��k 56�!5¯�!-`o£�+ £��.¹-��¦�£-�)u £����5�­T�# £��5>"%$6�®m-¯ j o j q
: h ü ��ð öv	dú�ü-2 � ø � ø/÷²ù!ú�û/ü�ôý÷�üáø/÷ å û/ü-� ��ò ø�û/ü �76�8 ú°¦ é h ù h¨§ ��J&lx\ÿl~I%?AF6\��%DWl F>\�HïZ·p>\�KE\

\eF>\�p&RT\�KL\uRTD�I%KE@A\qF6DNH>I%J6K�@ADWKb\�I3lqJ6;&F6I^p6KT=eRE@Av�IqF6I%BLB�@A;>\�@CBb¶>;6@�RTI%BbD4;>V�IeÞìp�D�KE@A´/F6@CvWI%B�9ªn�DWvWI�KEKED�lmI�B
\eBEBE@Clrêqt�Z�HïZ�p>\�KT\*vd\�p&REJ6KT\eKL\�B�vW\�KT\�v�RTD�KEµABjRT@Cvd\�BÙF6I3BEI%l \�Iq?CI%;6�%IuF6IuRTD�lmp+I69ª:[t�Z�HïZ a ��J6DW�&KT\�b
IMBE@C;>\�?6F&D<D�;�REKT\�F6\MD�l�BEDW��lmD�;�REI%B�F6D�vWJ6KjRy\�ÞìF6J6KT\eUdV�I6Û�@CB�RTIN�eÛ/@Clmp+Â/D�J6lm\NB�DW���6��;6vW@A\uF6D a �E\�;&DW?�\eB�F6D
REDWl~p�I�bMBEI%�6K�DqIxB�@A;>\e?#F6D*DW;SRTKE\�F>\&9G��B�BEDqp&KEI/vWDWB�BEIÄ�*vWI%;6Ý&DWvW@CF6IÄvWI�lmI{± ��ð ÷�ó � 2x÷ ð ��ú \0¶>�%J6KE\Í8�9`_²]�9
��?CD4?A@Al~@CRT\u\3F6J6KE\�UdVeImF6I�BoB�@A;>\e@ABWÛ�p>\�KE\~��J6DNJ6lm\^HïZ�F&@A�%@�Ry\�?�p�I%B�BT\^?A@CF>\�Kbv�I%l�B�@A;>\�@CBLKEDW\�@AB�9

±olx\³± ��ð ÷�ó � �NJ6lx\3ikJ6;6UWV�I~lx\eREDWlm=eRT@Cvd\q��J6D*�*;>VeIeÞQ;�J6?A\~\ep�D�;>\�BoDWlîJ6lî@C;�REDWKjc�\e?AI3F6DNRTD�lmp+I
?C@Al~@CRT\�F6I69q:àF6J&KT\�UWV�I�F6\q�E\�;&DW?�\Ä�~DWl«��DWKT\e?�F6D¶í~l~B*\Mí~BWÛ!BEDW;&F6I²��J6D~��J>\�;SRTI�lx\�@CI%K4\u�E\�;6D�?�\&Û
l~DW?CÝ6I%K^\ KED�BEI%?CJ6UdV�I F6DXikKED����6�W;6v�@�\ ;>\�\�;>=�?C@ABEDe9�:�;>\�?C@ABE\�;6F6I I�DWBEp+DWv�RTK�I F6DÒvd\�F6\�B�DW�%l~DW;SRTI�BEDíÞ
p6\�KT\�F6\�lmD�;SRTD�Û�I%�&REDWl~I%BqJ6lm\ BED��/�&�W;6v�@�\ F6DXlmD�F6@AF>\eBq��J6DXKEDWp&KEDWB�DW;SRy\el \ ce\�K�@�\�UWV�I F6I DWB�p�D�v�REKEI
;&I�REDWl~p�I69 ���E\�;6D�?�\�l~DW;SRTIáREDWl I�D�ikD�@CREI�v�I%?�\�RTDWKE\�?bF&DÒF&@AB�REI%KEv�DWK~\ DWF6@CUdV�I F6I�DWB�p�D�v�REKEI6ÛÙp�I%@CB3I
\e;>\�?A@CBT\�F&I%K�l~DWF6D4;>VeI~I~BE@C;>\�?¤Û&lm\�BLI^p6KEI/F6J&REI~F&ImB�@A;>\�?�p�D�?�\uikJ6;6UWV�I~F>\<�E\�;6DW?A\&9

�îp6KE@ClmD�@AK�I�p>\eBEBEI F6\ t�Z�HïZÚ�¦I~�E\�;6D�?�\�l~DW;SREIáF6IáB�@A;>\�?¤Ûª��J6DX\�vW\��>\�l~I%BuF&D¦F6DWB�vWK�D�c%D�KW9 ��l
B�DW�%J&@AF>\&Û+�*\�p6?A@Cvd\�F6\m\´h ü ��ð öv	dú�ü-2 � ø � ø/÷Nù#ú�û/üíôý÷�ü
µNôAö � üT÷�� � ¦+µGù h¨§*DWl vd\eF>\xBED��%l~DW;SRTIM�E\e;6DW?A\�F6I69
:��GH#Zÿ��J6lx\�HïZ¯F6D�RTDWl~p+IoF&@ABEv�KED�RTI69#��D�RT\�?AÝ6\�KED�lmI%B£\o�GHïZ DÙ\oHªHïZ4ÛW�/J&DÙ��J6lm\�@Clmp&?ADWl~DW;SRT\�UdV�I
D�¶>vW@CDW;SRTD3F6\Ä�GHïZ4Ûþ;>\eBGBED�UWÂ/DWBNBED��%J6@A;SREDWBW9M:��GH#Z­F&D3J6l�B�@A;>\�?6�E\�;6D�?�\�F&IÄ\eRTJ6\¦;6IÄp6KEI/F6J&REI ö�ô ð�� ó
¶ ± ��ð ÷�ó � Ûªp&KEI/F6J6�W@C;6F6I J6lÔDWB�p�D�v�RTK�I¯��J6DX�Ä\ � ú ð / ú�óõû 6�8 ú F6I DWBEp+DWv�RTK�I�F&I�B�@A;>\e?bI%K�@A�%@C;>\�?�vWI%lÔI

íÀí



Hï@A�%J&KT\^8�9`_ ��· \�;6D�?�\�l~DW;SREI~F&DMJ&l�BE@C;>\�?þF6DND�;�REKT\�F6\p\#©`8�ª«]

í�8



F6\ÒikJ6;6UWV�IáF>\q�E\�;6D�?�\&9Ä:ÚBED�UdV�IáB�DW�%J&@A;SRTDmD�Å�p6?A@Cvd\Òlx\�@CBNF6D�RT\�?AÝ>\eF>\�l~DW;SRTD~\ÒREDWI%K�@�\Ò�/J&DxDW;Sc�I%?Cc�D¦I
p&KEI/vWDWB�BEImF6DNvWI%;Sc%I�?AJ6UWV�I69

�ïÅ�@ABjRTDWlÚce=�KE@A\�BÙRE�WvW;&@Avd\eB�F6D��E\�;&DW?�\elmD�;�REI69ª:zlm\�@CBÙB�@Al~p6?AD�BbF6D�?�\�BÙvWI%;6B�@ABjRTDG;>\qB�DW?CDWUdVeI3F6DGJ6lm\
p6\�K�RED�F6I*BE@A;6\�?�F&D�DW;SREKT\�F>\

f(n)
D�\eRTK�@A�6J&@AUdVeI*F6Doce\�?AI%K�DWB�;�J6?AI%BÙp>\�KE\MRTI/F6I*IuKED�B�REIqF6IqB�@A;>\�?¤9��GJ&REKT\

ikJ&;6UdV�I~F6D��E\�;6D�?�\&Û>lm\�@ABLD�?�\��+I%KE\�F>\qDMlqJ6@CREI^vWI%;6Ý&DWvW@CF>\&Û]�M\4�E\�;&DW?�\3F6D*��\elml~@A;6�&Û&vWI�lmI^p+I�F6D�lmI�B
c�DWKo;>\q¶>�%J6KE\~8�9`g&9

Hï@A�%J&KT\^8�9hg ��· \�;6D�?�\�BLK�D�RT\�;6�%J6?A\�KWÛ/RTK�@�\�;6��J6?�\�KbD4F6DM��\�l~lm@C;6�I\�©¢í
ª3]

��l·�%DWKE\�?ýÛ�\�BGl~DW?CÝ6I%KED�B��E\�;&DW?�\eB�p+I%BEB�J6DWl DWBEp+DWv�RTK�I%B4vWI%l·lm\�@AI%K�v�I%;6vWD�;SRTKT\eUdV�IXF6DqD�;6DWK��%@�\m;6I
v�DW;SRTK�I`\kp6KE´dÅ�@Al~I3F6DM{~�<��]�D4l~DW;6I�KEDWB a vd\�J6F6\�B&bGDWlîBED�J6B�D�Å/RTK�DWl~I%B¸\¹lm\�@AI�KbRy\�Å&\3F6DNF6D�vd\�@ClmD�;�REI^]�9
��l­�%DWKE\�?ýÛ�\�Bªl~DW?CÝ6I%KED�B]�E\�;&DW?�\eBïp+I%BEB�J6DWl­DWB�p�D�v�RTK�I%B�vWI�l lm\�@AI�K#v�I%;6vWD�;SRTKT\eUdV�I4F6DbDW;6D�KE�%@A\�;>\��>\e;6F>\
v�DW;SRTKE\�?ýÛ!@ABjRTIÒ��Û!p6KE´dÅ�@Al~IXF6Dm{��o��ÛïD^l~DW;6I�B*D�;6DWK��%@�\X;>\�BN�>\�;&F>\�BM?�\eREDWKT\e@ABW9~:à?�\�K��%J6KE\XF6\Ò�>\e;6F>\
v�DW;SRTKE\�?ND�\�RT\�Å&\�F6D F6D�vd\�@ClmD�;SRTI�F6D�DW;6D�KE�%@A\�;6\�BX�>\�;6F>\eB�?A\eRTD�KT\�@CBxRT��l KEDW?A\�UdVeI F6@AK�D�Ry\�vWI�l \
��J>\e?A@AF6\�F6D�F6IuD�BEp+DWv�RTKEI � J6lx\M�>\�;6F6\*vWD�;SRTKT\e?�lqJ&@CRTIM?�\eKE�S\4I%Jm�>\�;6F>\eBb?�\�RTDWKE\�@AB�lqJ&@CRTI*\�?�Ry\�B�vd\eJ6BT\�lluJ6@CRT\ F6@ABjRTI%K�UdV�I ;6I DWB�p�D�v�RTK�I�I%�&RT@CF6I p+DW?A\ t�Z�HïZ49�³ï\�KE\ÿDWB�RE@Alm\�UdVeIÿF6D²ikK�DW���6�W;&vW@�\eBÄDWBEp+DWv�µC¶>vW\�B
D�l B�@A;>\e@ABo�/J6\�BEDíÞQp+DWKE@C´�F&@AvWI�B<�ql~DW?CÝ6I%K�DWB�vWI%?CÝ6DWK�J6lx\G�E\�;6D�?�\mv�J���I¦D�BEp+DWv�REKEIÄp+I%BEB�J>\¦�>\�;&F>\xvWD�;SRTKT\e?
D�B�REKEDW@�Ry\�¹�p>\�KT\ÿI��&RTD�KxJ6lm\ @A;�ikI%KElm\�UdVeI lm\�@AB~�%?AI��>\�?oF6IÿDWB�p�D�v�REKEI6ÛoI lmD�?AÝ6I�Km�á�%\�KT\�;SRE@AKx��J6Dá\�B
�6\�;6F>\�B�?A\eRTD�KT\�@CB�BTV�I^�>\e@�Å&\�BW9

Z!I�F6\¦\�;>=�?C@AB�DMD�BEp+DWv�RTKT\e?ïvWI�l��E\�;&DW?�\elmD�;�REIm�*F6@C¶6vWJ6?�Ry\�F>\~p�D�?AI �+ü�ô ð�� uy�+ôýú¦ø/÷uô ð�� ÷�ü-��÷�4 � ÷ ð �¹üy÷ �

íd_



üT÷yö�ú�óõû 6�8 úNø/ú��Q÷�2��>ú*÷�	íüy÷��
�z� ð�� ô � 9ït�Db��J6D�KEDWl~I%Bï\�?CRT\<KED�BEI%?CJ6UdVeI�;6IGF&I%lmµC;6@AI�F6IoRTD�lmp+I6Û�p&KEDWv�@ABE\�lmI�B
F&D!�E\�;6D�?�\�B#p�D��/J&DW;>\�B�Û�D�vWI%l­@AB�BEIGBE\�vWK�@C¶>vW\�l~I%Bª\�K�DWB�I%?AJ6UWV�I4F>\<ikK�DW���6��;6vW@A\C\¹;6D�B�RTDLvW\�BEI&Û%p�I/F6D�KEµ�\elmI%B
F&@A�WD�K<��J6D*J6l D�c�DW;SRTIÄI/vWI%K�KED�J²DWlîJ&l·@C;6B�RT\�;SRTDMp6KED�vW@CBEI6Û+lx\eB<;>VeIxp+I�F6D�KEµA\�lmI�BLF6@A��DWKoD�Å&\eRy\elmD�;�RED
��J>\e@AB^ikKEDW��J6��;6vW@A\�B~DW?ADÒvWI�;�RE�WlU]�9 ³!I%K~I%J&RTK�I ?A\�F6I6Û�BED��/J&DWKED�lmI�Bx\�?�Ry\ KED�BEI%?CJ6UdVeI ;6I¯F6I%l~µA;6@CI F>\
ikK�DW���6��;6vW@A\&Û]p6KED�vW@ABE\�l~I%B�F6DL�E\e;6DW?A\�B��%KT\�;&F6DWBW\¹;6D�B�REDuvd\eBEI6Û]p+I�F6D�KEµA\�lmI�BLDWB�RE@Alm\�KLvWI�l \�?CRT\^p&KEDWv�@ABEV�I
\ ikKED����6�W;6v�@�\ F6DXJ6l D�c%DW;SREI6ÛLlx\eB3;>V�I BT\��+DWK�µ�\�l~I%B3D�l ��J6D�p+I%;SRTI�B~F6\¦�E\�;&DW?�\ D�?�\ vWI%l~DWU�I%J�I%J
REDWK�lm@C;6I%J�]í9

Ü<\3¶6�%J6KT\m8�9Y��Û&REDWl~I%BLJ6lm\^D�BE��J6D�lx\eRE@A�W\�UdV�I^F>\mt�Z�HïZ49

Hï@A��J6KT\^8�9Y� � ��BE��J6D�lx\�RT@A�W\�UdVeI~F6\xt�Z�H#Zº\�©Y8�ª3]

j ��56�#1
¥ý�+��k 56�!5¯�!-`o£�+ £��.¹-��1»X.¹1d,%��-S��5)m�»Io j q
³#\�KT\<\�p6?A@Cvd\�K�I�B#l~��REI�F6I�B#F>\�:�;6=�?A@CBED�F6D�H>I%J&KE@AD�K!\oB�@A;>\�@CB£BEI%;6I�KEI%B!J6BT\e;6F6IGl~��REI�F6I�B!v�I%l~p6J&Ry\evW@�Þ

I�;>\�@AB�Û��<;6D�vWD�BEBT=eKE@AIuF6@AB�vWKED�RT@C�d=�Þì?AI%B�ÛSp�I%@CB�vWI%l~p6J&RT\�F6I%K�DWB�BE´uBEV�IMvd\�p>\e�WDWBbF6D<lm\�;6@Cp6J6?A\�Kª@A;�ikI%KElm\�UWÂ/DWB

íWg



D�l«vWI�;���J6;SRTI%BNF6@CBEv�KED�REI%B4D3¶>;6@�RTI%BGF&D~�&@CRTB�9q:�B�BE@Cl�Û���J>\�;&F6IXF6@A�%@�Ry\�?C@A�W\�lmI�BoIXp6K�I�v�DWB�BEIÒF6IXvd=�?CvWJ6?CI
F6\3HïZ4Û6DWlÚc%D��4F6DGRTKE\��>\�?CÝ>\�Kbv�I%lrJ&lx\*ikJ&;6UdV�I^v�I%;SRTµA;�J>\

f(t)
Û&�4;6D�vWDWB�BT=�K�@AI^KED�p6KED�BED�;�RT\�K�I%B�B�@A;>\�@CB

F&@A�%@�Ry\�@CBbvWI�lmI^J6lm\q?A@CB�Ry\u¶6;6@CRT\^F&DNce\�?CI%KED�BLF6@AB�vWK�D�RTI�Bo@C;6F6DíÅ6\eF6I%B�p�I�KLJ6l�µA;&F6@Av�DN\�lmI�B�RTKE\�?
n
9

³#\�KT\�I p&KEI/vWDWB�BEI�F6I�vd=�?CvWJ6?CI F>\ H#Z�F6D BE@C;>\�@CBÄBEI%;6I�KEI%BXF6@CBEvWK�D�RE@A�d\eF6I%BWÛ<RTDWl~I%BÄJ6l l~��REI�F&I
v�I%;6Ý6D�vW@CF6I�v�I%l~I�Z!KT\�;&B�ikI%K�lx\�F6\XF&DmH>I%J&KE@AD�KN��@AB�vWK�D�Ry\¼\ µNôAö � üT÷��Q÷qù!ú�û�üíôý÷�ü h ü ��ð öv	dú�ü-2 ò µ�ù h¢]í9þ:
µ�ù hëp�I�BEBE@C�6@A?C@CRT\x\ÄI%�&REDW;6UWV�I�F&D � 2xú�ö��¹ü � ö F6IÒDWBEp+DWv�RTK�I�v�I%;SRTµA;�J6IÒF>\ÄI%;6F6\Òv�I%;SRTµA;�J>\�Û!DqREKT\eRT\X\�B
N
\�l~I%B�REKT\�BMF>\²I%;&F>\²BEI�;6I%KT\�vWI%l~I²J6lâw6;6@CvWIáp+DWK�µAI/F6IÒF6D¦J6lm\�I%;&F>\²@A;�¶>;6@CRT\�l~DW;SRTD~p�D�KE@C´�F6@Cvd\&9

:<BEB�@AlÒÛ#\Ò�GHïZ�p�D�KEl~@CRTD3J&lx\X\�;>=e?A@AB�D^\�l~I%B�REKT\�F>\Ä;>\eB*lm\��%;6@�RTJ6F&DWB4D^i¹\�BED�B*F6IÒDWB�p�D�v�REKEI²F&I�B�@A;>\�?
F&@ABEv�KED�RT@A�W\�F6I

f(n)
ÛªF&D�RTD�KEl~@A;>\e;6F6I²J&lx\²v�I%KEK�DWB�p�I%;&F6�W;6v�@�\²�&@AJ6;6µ�c%I/vd\ÒDW;SRTK�D¦IáBE@C;>\�?�F6D¦D�;SRTKT\eF>\²D

B�J>\�B�vWI�lmp+I%;6D�;�REDWBoBED�;6I%@AF6\�@AB�9
Z!DW;6F&I

N
\�l~I%BjRTKT\eB�F6D*J6l B�@A;>\e?!F&@A�%@�Ry\�?

f(n)
Ûþ\^ik´%KElqJ&?�\^p>\�KT\mI¦vd=�?CvWJ6?CImF&DqBEJ>\x�GHïZ4Û�p6\�KT\

vW\�F>\~\�l~I%B�REKT\
k
F6I^DWB�p�D�v�RTK�I6Û]�M\^B�DW�%J&@A;SRTD �

F (k) =
N−1∑

n=0

f(n)e−i2πk
n
N , k = 0, . . . , N − 1.

\ý8�9hg^]

��p6KEI/vWD�BEB�IÒ@C;Sc%DWK�BEI6Û�v�I%;6Ý6D�vW@CF6IXvWI%l~I½h ü ��ð öv	dú�ü-2 � ø � ø/÷*ù!ú�û/ü�ôý÷�ü{µNôAö � üT÷�� ��¾�ð / ÷�üTö � ¦ ¾�ð / ÷�üTö�÷
µ4ôAö � üy÷��Q÷Gù!ú�û�üíôý÷�ü h ü ��ð öv	dú�ü-2 ò�¾ µGù h¨§�Û��NF>\�F6I^p+DW?�\qik´%K�lqJ6?A\

f(n) =
1

N

N−1∑

k=0

F (k)ei2πn
k
N , n = 0, . . . , N − 1.

\ý8�9Y�7]

:<BLDW��J>\�U�Â�D�B[8�9hg3D®8/9 �uBEV�I^vyÝ>\�lm\�F>\�B�F&D ÷��Wû �76�� ú~ø/÷ ��ð+ñ óõôAö�÷ D ÷��Wû �76�8 ú~ø/÷�ö�u ð �Q÷yö�÷ Û6K�DWBEp+DWvíÞ
RE@Cce\�l~DW;SRTDe9L:�RTKE\�c��WBGF6\mP��GHïZ4Û+p+I�F6D�lmI�B<K�DWvWI�;6B�REKEJ6@CK<vW\�F>\xB�DW�%l~DW;SRTI4�E\�;6D�?�\�F6I~F>\xI�;6F>\x\~p>\�KjRT@AK
F&DMB�DWJ6BovWI�lmp+I%;6D�;�REDWB�DWB�p�D�v�REKT\�@CBWÛ]p>\�KE\^K�DWB�BE@A;SRED�RT@C�d\�KLI~BE@C;>\�?þI�KE@A��@A;>\�?+;6I^F6I%l~µA;&@AIqF6I^RTD�lmp+I69

ÜoI�RTD�lmI%BM��J6D
F (k)

�xJ&lâv�I%;���J6;SREIáF6D
N
;�w6lmD�KEI%B*vWI%l~p6?CD�Å�I%BWÛ#F>\�ikI%K�lx\

a + bi
9á��ce\�?CI%K

F6\x\�l~p6?A@�RTJ6F&D4p>\�KT\~vd\�F6\¦\�l~I%B�REKT\^p�I/F6DMBEDWK<I%�&RE@AF6Im\eRTKE\dc%�WB<F6IxvW=�?Av�J6?AI~F6Imlm´/F6J6?CImF6I�B<;�w6l~DWK�I%B
v�I%l~p6?ADíÅ&I�BMI��&RT@CF6I%BW9~ÜoI�RTD�lmI%B4��J6DeÛïv�I%lmIÒ\XHïZ F6@Cc/@AF&Dm\X\�l~p6?C@CRTJ&F6Dq@A��J>\�?Al~DW;SRED3DW;SRTK�DmI%BNv�I%l^Þ
p+I%;6D�;SRTDWB~p+I%BE@�RT@Cc�I%B3DX;6DW�%\eRT@�c%I%B�Ûb\��GHïZr\eRTK�@A�6J6@CKT=ál~D�RT\�F6DÄF>\�\�l~p6?A@�RTJ6F6Dmp>\�KE\�I vWI�lmp+I%;6D�;�RED
;&DW�S\eRE@Cc�I�F6D~ikKED��/�&�W;6v�@�\�D~l~D�Ry\eF6D^p>\�KT\XI²p+I%B�@CRT@�c%I69m:�B�BE@AlÒÛ£I²D�BEp+DWv�REKEI�F6Dxlm\��%;6@�RTJ6F&D3F>\�I%;&F>\
F&@A�%@�Ry\�?C@A�d\eF>\*�4B�DWl~p6KEDMBE@Clm��RTKE@CvWI3\eI~K�DWF6I�KoF&D*{^�o��9

³!I�F6D�lmI�BM;&I�Ry\�K<Ry\�lq�+�Wl ��J6Dx\X�GH#Z�KEDW\�?A@C�d\
O(N2)

lqJ6?CRE@Ap6?C@AvW\�UWÂ/DWBovWI%l~p6?CD�Å&\�BW9q³#I%KjRy\�;SRTI&Û
v�I%l~I3DWlr��DWKT\e?þI%BLp6K�I�v�DWBEBE\�l~DW;SRTI%B�v�I%lmp&J&Ry\�v�@AI%;6\�@ABÙF6D4BE@C;>\�@ABbBEI%;6I�KEI%BLD�;�c�I%?Cc�DWlî�%KE\�;6F6D4;�w6l~DWK�I
F&D^\�lmI�B�RTKE\�BWÛ�lmI%BjRTK�I%J�ÞQB�Dq;6D�vWDWB�BT=�K�@�\XJ6lm\xlx\e;6DW@CKT\xlm\�@AB�KT=�p6@CF>\xF6Dqi¹\e�WDWK4IÄvW=�?Av�J6?AIxF>\X�GHïZ­F6D

í��



J&lx\mikJ&;6UdV�I&9N±<l·lm��RTI/F6I¦vWI�;6Ý6DWv�@AF6IÄvW\�p>\��uF6DqKEDW\�?A@C�d\�KoDWBjRTD3vW=�?Av�J6?AImKEDd\e?A@A�W\�;6F6ImlmD�;6I%KG;�w6l~DWK�I
F&DLlqJ6?CRE@Ap6?C@AvW\�UWÂ/DWB!vWI%l~p6?CD�Å&\�B�F6IN��J6Do\4�GHïZ ��\NZ!KT\e;6B�ikI%K�lx\eF>\4n<=ep6@AF>\GF&D�H]I�J6KE@CDWK¢\ ù � ö���ù!ú�û�üíôý÷�ü
h ü ��ð öv	dú�ü�2 ò ùªù h�]�Û£��J6D¦DíÅ&D�vWJ&RT\

O(Nlog2N)
lqJ&?CRT@Cp6?A@Cvd\�U�Â�D�B4vWI%l~p6?CD�Å&\�BW9²��D�c/@CF6I ê²D�¶>vW@C�W;6v�@�\

F&DWB�RED<l~��REI�F&I6ÛSDW?CD�ikI%@>DWBjRTJ6F>\eF6I*F&D�Ry\e?AÝ>\�F6\�lmD�;SRTD�F6J6KE\�;SRTD�I*p&KEI���D�RTIMDop+I%BjRTDWK�@AI%K�lmD�;SRTDL@Al~p6?CDWl~DW;�Þ
RT\�F6I^p>\�KE\3BEDWKoJ&RE@A?A@C�d\�F&Iq;6I^p6KEI��%KT\�lm\qp6K�I�F6J&�W@AF&I69

Y#Z Á Z+¿ 

ü��ÁÀÂü�¿}[�
��Âü
:�vWI�;�c�I%?AJ&UdV�I<��J&lx\LI%p+DWKE\�UdV�IoDWl[p&KEI/vWDWB�BT\�l~DW;SREI�F6D�BE@C;>\�@CB!F&DÙ=eJ6F6@AI&9ªabI%l DW?�\Lp+I�F&DWl~I%BWÛ�p�I�K

DíÅ�DWl~p6?AI6Û+i¹\��WD�K<¶>?�RTKE\�UdV�IxF6D3=�J6F&@AIxDup6KEI/F6J6��@AK�D�ikDW@�RTI%B<F6@A�%@�Ry\�@CBW9o³#I/F6DíÞQBED3D�;SRTDW;&F6DWK4D�B�Ry\¦I�p�D�KT\�UWV�I
\�RTKT\dc��WBoF>\^�GHïZÃÂ�HªH#Z ��J>\�;6F&ImF6J6\�B�I%JXlx\�@CBLI%;6F>\eBLBTV�I~vWI%lu�6@A;>\eF>\�BW9

_GJ>\�;&F6IxF6J6\�B<I�;6F>\�BoBTV�Ix\�F6@CvW@AI�;>\�F>\�B�Û>ImD�BEp+DWv�RTKEIxF>\~I�;6F>\mK�DWB�J6?CRT\�;SRTDNRy\�lq�+�WlîB�DWKE=x\^BEI%lm\
F&I%BxF6I�@ABxD�BEp+DWv�RTKEI�BW9[�«l~DWB�lmI \�vWI%;SREDWvWD²�/J6\�;6F6IÿluJ6?CRE@Ap6?C@Avd\elmI%Bq\¯I%;6F6\ p�I�KmJ6lm\¯v�I%;6BjRy\�;SRTDe9
:<BEB�@AlÒÛ6;6DWB�BED�B�vd\eBEI%B�Û6RTDWK�µ�\�l~I%B �

DFT
(
af(n) + bg(n)

)
= aF (k) + bG(k)

I�;6F6D
f(n)

D
g(n)

BTV�I3B�@A;>\�@CBbF6@CBEv�KED�RE@A�W\�F6I%B�;&I~F&I%lmµC;6@AIMF6IqREDWl~p�I6Û
a
D
b
BTVeI3vWI%;6BjRy\�;SREDWB�D

F (k)
D

G(k)
KED�p6KED�BED�;�RT\�l·\�BLRTKE\�;6B�ikI�KElm\�F>\�B�F&D*H>I%J&KE@AD�KLF6D

f(n)
D
g(n)

Û6K�DWBEp+DWv�RT@�c�\elmD�;�RED�9
· =¦��J>\�;&F6IÄF6J>\�B4I�;6F>\�BGBEV�I 23û/óÄ�¤ôy�+óõô ��� ø � ö Û+IÄDWB�p�D�v�RTK�IXKEDWB�J6?CRT\�;SRTDq;6V�IÄ�qI¦p6K�I�F&J&RTIÄF6I�BGF6I%@CB

D�BEp+DWv�RTKEI�BWÛ]D*B�@Al BEJ>\ � ú ð / ú�óõû 6�8 ú \¤\���J6@¤Û6DWBjRy\�l~I%B�KED�p6KED�BED�;�RT\�;6F6Ix\~I�p�D�KT\�UWV�I^F6DNvWI%;Sc%I�?AJ6UWV�Imp+DW?CI
B�µAlq�+I%?CI ∗ ] �

DFT
(
f(n)g(n)

)
= F (k) ∗G(k).

\ý8/9Yf²]
t�D�;6F6I

f(n)
D
g(n)

F6J6\�BqBED����6�W;6v�@�\�B3F&DxRy\�lm\�;6Ý&I%B
Nf

D
Ng
Û�\�ik´%K�lqJ6?�\XF>\²v�I%;Sc%I%?CJ6UdVeI F6D

f(n)
D
g(n)

� �

h(n) = f(n) ∗ g(n) =

Nf−1∑

k=0

f(k)g(n− k),
p>\�KE\

n = 0, . . . , Ng − 1.

t�D
f(·) D g(·) p�I�BEBEJ&DWl ce\�?CI%KED�Bq;�J6?AI%BqikI�KT\áF6I @C;�REDWKjc�\e?AI { \

Nf − 1
DX{ \

Ng − 1
Û�D�;SRyV�I

h(·) RTD�KT=^Ry\�lm\�;6Ý6I Nf + Ng − 1
Û]Du\^vWI�;�c�I%?AJ&UdV�Im�*F6@�Ry\ óõô ð ÷ � ü 9�Z!DWl~I%Bo\�@A;6F6\~��J6DMBED

f(·) D g(·)BEV�IÒp�D�KE@A´/F6@Cvd\�B4F6D^p+DWK�µAI/F6I
Nf

D
Ng
Û#\XvWI%;Sc%I�?AJ6UWV�I�K�DWB�J6?CRT\�;SRTD~�~p+DWK�@A´/F6@AvW\&Û�D

h(·) REDWlÍp+DWK�µAI/F6I
Nf +Ng − 1
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±olx\�F6\�Bªp6K�I%p6KE@CDWF>\eF6DWB#F>\GvWI%;Sc�I%?AJ6UWV�I4�bIGi¹\�RTI�F&D���J6D�\�vWI�;�c�I%?AJ&UdV�I4F6DbJ6lx\oikJ6;6UdVeIG��J>\�?A��J6D�K
f(n)

p�D�?�\ 	íû ð�6�8 ú � 2xú�ö��¤ü � û ð ô3� ñ üíô �
u(n)

KED�BEJ6?�Ry\^;>\3p6KE´�p6KE@A\uikJ6;6UdVeI �

f(n) ∗ u(n) = f(n),

I�;6F6D
u(n)

�MJ&lx\qikJ6;6UWV�I3Ry\�?���J6D

u(n) =





1
BED
n = 0

0
BED
n 6= 0.

:<?A��lrF6@CBEBEI&Û]\^v�I%;Sc%I%?CJ6UdVeIm�NvWI�lqJ&Ry\�RT@Cce\ �

f(n) ∗ g(n) = g(n) ∗ f(n).

:<?A�%J6;&B�DíÅ�DWl~p6?AI%B�F6IMD�ikD�@CREIMF6\Mv�I%;Sc%I%?CJ6UdV�I � J6l�B�@A;>\�?
a
vWI%;SREDW;6F6I*F6I%@CB�@Al~p6J6?AB�I%B��+DWl®D�BEp>\�UW\�Þ

F&I%BWÛ6��J>\e;6F6I3vWI�;�c�I%?AJ&µAF6Iqv�I%lÚ�/J6\�?A��J6D�K�BE@C;>\�?
b
Û�KEDWB�J6?CRT\qDWlÚF6J>\�Bb@A;6BjRyã�;6v�@�\�BÙF6I3BE@C;>\�?¤Û/F6\�;6F6I3J6l

D�ikDW@�RTIqF6D�DWvWI&9Ù��lÚI%J&REKT\uB�@CRTJ6\�UdV�I&Û&BED�I%B�F6I%@CB�@Al~p6J6?CBEI%B�F6D
a
D�B�RyVeI3��D�lrp6K�´�Å�@ClmI%BÙJ6lÚF6I%B�I%J�RTKEI&Û

\eBbKED�p�D�RT@CUWÂ/DWBbF&IuBE@C;>\�?
b
BEI%�6K�DWp+Â�D�l^ÞìBEDeÛ�vW\�J6BT\e;6F6IqJ6làD�ikDW@CREIuF6D<KED�c%DWK���D�KT\�UWV�I�\kc�D��E\q\N¶>�%J6KE\38�9`f²]�9

H#@A�%J6KE\Ä8�9`f ��Å �Ê�� ����&�½�]��¡����«ª%�����]¤¦¥��{�]�D�e���g§��e ¢�{�e�������g�·�IÆÁÇÉÈ$Ê Ë�´{Æ���Ë�Ì����cª%�����]¤¦¥���¡���� �e�� ¢�: ��g�e�e�¢���&�
� ���N�����C��¤¦���e�&�(�e���«�k�eÃÂ������ ����½�e�W��¡��e´ÍÆ ��ËNÌ����«ª%�����]¤¦¥��³¡����N�e�� ¢�  ��g�e�e�¢���&� �³�e ����½�e��º¦ÎÀ ����&�(�e���«�k�eÃÂ������ ����
�e�½����ª%����� ������¤¦¥��e´

:<p6?A@Cvd\�;6F&IÒD�BEB�DWBuv�I%;6v�DW@CREI%BWÛ£ce\�l~I%B4c%DWK�@C¶>vW\�KM\Òp&KEI%p6K�@AD�F>\�F6D 8/9YfXp>\�KE\ÒIÒvd\�B�I�F&DmF6I�@AB4BE@C;>\�@CB
f(n)

D
g(n)
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t�DQ�E\�l
f(n)

D
g(n)

F&J>\�BXBED��/�&�W;6v�@�\�BÒp�D�KE@C´�F6@Cvd\�BmF6D p�D�KEµCI�F6I
N
9àt�J6\�BÄRTKT\e;6B�ikI%K�lx\eF>\�B¦F6D

H>I%J&KE@AD�K�BTVeImF>\eF>\�B�p�I�K �

F (k) =
N−1∑

n=0

f(n)e−i2πk
n
N

G(k) =

N−1∑

n=0

g(n)e−i2πk
n
N .

_GJ>\�;&F6IxI%B�D�BEp+DWv�REKEI%B<F6D
f
D
g
BEV�IxlqJ&?CRT@Cp6?A@Cvd\�F&I%BWÛ/F6D�c�Dq\�v�I%;SRTD�vWDWK<J6lm\~I%p+DWKE\�UdVeImF6DMvWI�;�c�IeÞ

?CJ6UdVeI~D�;SRTKED
f
D
g
9ª|�\�l~I%B�c%D�KE@C¶6vd\�K�DWBjRTD4i¹\eREI69

t�DQ�E\
h(n)

\²B�DW���6��;6vW@A\áF6D�¶>;&@AF>\²p+I%K
h(n) = f(n) ∗ g(n)

ÛªDxB�D��E\
H(k)

BEDWJ D�BEp+DWv�RTKEI&9 ³#D�?�\
D���J>\�UdVeImF6DM\�;6=�?A@CBED�Û&BT\��+DWl~I%BL��J6D

H(k) =
N−1∑

n=0

h(n)e−i2πk
n
N .

��;SRyV�I �

H(k) =

N−1∑

n=0

h(n)e−i2πk
n
N

=
N−1∑

n=0

(f(n) ∗ g(n))e−i2πk
n
N

=
N−1∑

n=0

N−1∑

j=0

f(j)g(n− j)e−i2πk nN

=
N−1∑

n=0

N−1∑

j=0

f(j)e−i2πk
j
N g(n− j)e−i2πkn−jN

=

N−1∑

j=0

(
f(j)e−i2πk

j
N

N−1−j∑

z=−j
g(z)e−i2πk

z
N

)

=
( N−1∑

j=0

f(j)e−i2πk
j
N

)
·
( N−1∑

z=0

g(z)e−i2πk
z
N

)

= F (k) ·G(k)

íd�



Y#Z Á Z � e û6	��<¾�Î�ü*ûzÏ®	��<	 ÐÒÑ�¼�����	 ��þÓf³ü�[³û6��þ ûÕÔ�Ö¸×ÍØ�ÙÚÖ¸ÛÍÜ�Ý�Þ
ß�Ý à#Ýl×ÍáâØ
ã�ÛÍÝ�ä å
Ö�Ö´àçæ

: ùªù h�RTD�làvWI%l~I*p&KEDWl~@AB�BT\M�/J&D�IM;/w&lmD�KEIuF&DG\�l~I%B�REKT\�B�F6I*BE@C;>\�?]F6DoDW;SRTKE\�F>\*F&D�c%D�;6DWv�DWBEBE\�KE@ßÞ
\elmD�;�RED<B�DWK�J&lx\Np�IeRT�W;&vW@�\MF6D48/9�t�DW��J6D�J6lm\ND�Å�p6?A@Cvd\�UWV�IuK�DWB�J6lm@CF>\*F6\*@AF&�W@�\NvWD�;SRTKT\e?�F6Iu\�?A��I%KE@�RTl~I69
³�K�@Al~DW@AKE\�l~DW;SRTDeÛ�\mBEDW���6��;6vW@A\¦F6DqD�;�REKT\�F6\¦�uF6@�c�@CF6@AF6\~D�l F6J6\�BGBED����6�W;6v�@�\�B4l~DW;&I%KED�BWÛ�F&DuRy\�lm\�;6Ý&I
N/2

Û�I%;6F&DoJ&lx\N�LikI%KElm\�F>\4p+DW?�\eB�\�lmI�B�RTKE\�B�F6D�µA;6F&@AvWDLµClmp6\�K�D�I%J&RTKE\Mp+DW?A\�B�F6DoµA;6F&@AvWDLp6\�KW9ª:��GH#Z
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K�DWF6J&�3IÄ;/w&lmD�KEI¦F6D3luJ6?CRE@Ap6?C@Avd\eUWÂ/DWB�vWI%l~p6?CD�Å&\�BGê¦l~D�RT\�F6De9N³#I/F6D�ÞìBED3KED�p�D�RT@CK�KED�vWJ6K�BE@�c�\elmD�;�RED3DWB�BT\
�&@CikJ6K�vd\�UWV�I6Û�\eRE�3��J6D^KEDWBjRTD�lÍ\�p+DW;>\�B4F&J>\�BN\�l~I%B�REKT\�B�ÛþvWJ���IÒvW=�?Av�J6?AIxF>\X�GHïZ­�qRTKE@�c/@�\�?¤9uabI�lmIÄBEV�I
log2N

�6@CikJ6K�vd\�U�Â�D�BWÛ>I^;�w6l~DWKEI^RTIeRy\�?þF&DMluJ6?CRE@Ap6?C@Avd\eUWÂ/DWB�vWI%l~p6?ADíÅ&\�BL�
O(Nlog2N)

9
abI%lâ�>\�B�Dx;6I²?A@Cc/K�In©h_èªýÛ#ikI%@b\e;>\�?A@CBT\�F&I�p>\eBEBEIá\²p>\�B�BEI I \�?C�%I%K�@CRTl~IÄF>\áHïHïZ4Ûï\ep6?A@Cvd\�F6I�\²J6l

B�@A;>\e?þF6DNDW;SRTKE\�F>\
f [n]

v�I%;SRTD�;6F6I
N
\elmI%BjRTKE\�BWÛ�I%;6F6D

N
F6D�c%DMBEDWK�J6lm\qp+I�RT��;6vW@A\^F&Du8/9�:LI^¶6;>\�?�F6I

\e?A�%I%K�@CRElmI6Û+IXDWB�p�D�v�RTK�I�F&IÒB�@A;>\e?ïF6D^DW;SREKT\�F>\ÄD�B�Ry\eKT=XDWl
F
��DWB�vWKED�c%D�lmI%B*IÒ\�?A�%I�KE@CRElmIm\ÄBED��%J6@AK�\¹\

ikJ&;6UdV�I ô ð / ÷�ü-��÷
;Wô3��¦ ±c§M@A;Sc�DWK�REDM\~I%K�F6DWlrF6I%B
r
�6@�RTBLF>\3KED�p6KED�BED�;�RT\�UdVeI¦�6@A;6=�KE@A\uF6D

j
]�9

©`{èª
σ ← log2N

Û
i← 1

Û
s← N/2

Û
W ← e−2πi/N

©£í
ª�³ï\�KE\
n
F6DM{^\

N − 1
Û&i¹\�UW\

F [n]← f [n] + 0.0i

©Y8�ª���;&�/J6\�;SRTI
i ≤ σ

i¹\�UW\ �
©Y8�9£í
ª

j ← 0
¹
p← invertebit(j)

©Y8�9Y8�ª£��;6��J>\e;�REI
(j · s < N)

i¹\eUd\ �
©`8�9Y8�9 í$ª

k ← (j · s)©`8�9Y8�9 8�ª£��;6��J>\�;SRTI
(k < (j + 1) · j i¹\eUd\ �

© :éª
aux← W p · F [k + s]©hÃ�ª
F [k + s]← F [k]− aux©`a�ª
F [k]← F [k] + aux©h�éª
k ← k + 1

©`8�9Y8�9Y_�ª
j ← j + 2

©Y8�9`_èª
s← s/2;

©Y8�9hg<ª
i← i+ 1
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©`_èªþPQ;�c�DWK�BTV�Ix¶6;>\�?þF6DN�6@�RTB�9
©`_&9£í
ª

j ← 0
9

©`_&9Y8�ª£��;6��J>\e;�REI
j < N

i¹\�Ud\ �
©h_&9Y8�9 í$ª

r ← invertebit(j)©h_&9Y8�9 8�ª!t�D
j < r

Û&REKEI/��J6DNI%BLvWI%;SREDWw6F6I�B<F6I�BoD�?AD�lmD�;�REI%B
F [j]

D
F [r]F6I3c�D�RTI�KW9

©h_&9Y8�9Y_�ª
j ← j + 1

ÜoIm\e?A�%I%K�@CRElmIu\�vW@Clx\&Û/RTD�lmI%BL��J6D �
• :[c�\eKE@�=dc�DW?

σ
KED�p6KED�BEDW;SRT\mI^;�w6lmD�KEI~F6DNDWBjRy=��%@CI%BLF6I~\�?C�%I%KE@�RTl~I69

• :�BLI%p+DWKE\�UWÂ/DWBLv�DW;SRTKE\�@AB�F6I^\e?A�%I%K�@CRElmIU\¹p>\eBEBEI�B³ê D å ]ÙBEV�I^D�ikD�RTJ>\�F6\�BLDW;SRTK�DNDW?AD�lmD�;SRTI%BLv�J���I%B
µA;6F6@CvWD�B�RT�WlrF6@ABjRyã�;6v�@�\3F6D ö 9���B�RT\^ce\�K�@�=dc%D�?þ�NF6@Cc/@AF&@AF>\qp+I%Ko83\3vd\�F>\^p>\�B�BEI69
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N

;/w&lmD�KEI%BÒvWI%l~p6?CD�Å�I%BWÛN\elmI%BjRTKE\�BXF6I¬D�BEp+DWv�REKEI
v�I%;SRTµC;/J&ImF6I^B�@A;>\�?�F6DNDW;SRTKE\�F>\&9
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D�;6vWD�KEKE\�F6IoDW;SRTK�DÙ\eB�BEJ6p+DWKjikµAvW@CDWB�?C@Al~@CRTD�B�F6\�BE\�?�\���DíÅ&v�@CRT\�F6IL;>V�I�B�´op+DW?A\�B�I%;6F6\�B�BEI%;&I%KT\�B�p&KEI�c%D�;6@AD�;�REDWB
F&@AKED�Ry\�l~DW;SREDuF>\xikI%;SRED�Ûþlm\�B<RT\�lq�+�Wl·p�D�?�\�B<I%;6F>\eBG��J6D3BTV�IÄK�D$¬>D�RT@CF>\�BGp+DW?A\�B�B�J6p�D�K�ikµCvW@AD�BW9G|�DQ�E\¦;>\
¶6�%J6KT\~8�9YOqJ6lm\^K�DWp6K�DWB�DW;SRy\�UWV�IxF&DMJ&lx\3BT\e?�\3F6DNDWB�vWJ&RT\~v�J6��´�@AF6DN;6I^DWB�p>\�U�I~REKE@AF&@Al~DW;6B�@AI%;>\e?ý9

��J&KT\�;SRTD^lqJ&@CRTImRTDWl~p+I6Û�\xikI%K�lx\¦lm\�@AB<J6BT\eF>\Äp>\�KT\Ä\¦l~I/F6DW?A\��%DWl \�v�w6B�RE@Avd\¦F&D^\�lq�6@CDW;SRTD�B4F6D
D�BEv�J&Ry\²luJ6BE@Cvd\�?�ikI%@�\²DíÅ&D�vWJ6UWV�I F6D~lmD�F6@AU�Â�D�B*;&Iáp6KE´�p6KE@CI�?CI�vW\�?ýÛ£I%J \�vWI�;6B�REKEJ6UWV�IáF6DmKE�Wp&?A@AvW\�BMF6D
F&@Al~DW;6B�Â�D�Bqp6KEI�p�I%K�vW@CI%;>\�@CBqê�BqF&I¯\elq�6@AD�;SRTD¦I%K�@A�%@C;>\�?¤9²:îJ&RE@A?A@C�d\�UWV�I²F&DÄKE�Wp&?A@AvW\�Bu�¦c/@A=�c�DW?���J>\e;6F6I
;6V�I^BEDMp6KED�RTDW;&F6DMi¹\e�WDWK�l~I�F&@C¶>vW\�UWÂ/DWB�;6\~BE\�?�\3F6DNDWB�vWJ&RT\&Û]I%JX��J>\�;6F6I~I~;/w&lmD�KEI^F6DMlmI/F6@C¶6vd\�U�Â�D�B��
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Hï@C�%J6KT\^8/9 O � �ÒI�F6D�?AI3F6DNJ6lm\3BT\�?A\3F6DNDWBEv�J&Ry\^F6DN�%D�I%lmD�RTK�@�\qvWJ&��´%@CF6D

p+DW��J6D�;6I69<Ü<ImDW;SRy\�;SREI6Û�\eIxvWI�;6BE@CF6DWKE\�K<Imp6KEI��6?AD�lx\^F6D �+üyú ± ÷��Qú F6D*BT\�?A\�BWÛ]I%�6B�DWKjc�\�ÞQBEDu\mF6@�¶>vWJ&?AF>\�F&D
D�l�J&RE@A?A@C�d\�K�l~DWF6@CUWÂ/DWBWÛ&p�I%@CB�F6J6KE\�;SRTDM\qi¹\�BED4F&DMp&KEI���D�RTI^BEDNF6D�BED��E\3RTD�B�RT\�KLJ6lm\qDW;6I%K�lmD4��J>\e;�RE@AF>\eF6D
F&D~v�I%lq�6@C;>\�U�Â�D�BGF6I%BNlm\eRTD�KE@�\e@ABoD~F&D3p�I%B�@AU�Â�D�B4F6DqikI%;SRTD�BMI�J�I�J&c/@A;SRTD�BWÛ£DW;SRTK�D^I%J&RTK�I%B4p>\�KEã�l~D�RTK�I%BW9
:�REJ>\�?ClmD�;�RED�Û�\�\�p>\�K�@AUWV�I�F6D�;6I�c%I%B!l~I�F6D�?AI%B��%DWI%l~��REKE@CvWI%B�p>\eKT\�\LBE@AluJ6?�\�UWV�I�F6D�vW\�lmp+I%B�B�I%;6I%K�I%B�RTDWl
p+DWK�lm@�RT@CF6ILI<F&DWBED�;Sc%I%?�c�@ClmD�;SRTI�F&DÙp6K�I%�%KE\�lx\eB��/J&DÙi¹\�v�@A?A@�Ry\�l J6lm\o\�p6KEIdÅ�@Alm\�UWV�I�F6I<v�I%l~p�I%KjRy\�l~DW;SREI
\evWw6BjRT@Av�I^F6DNBT\�?A\�BW9

³#\�KT\ BE@ClqJ6?A\�K*v�I%l~p6J&Ry\evW@AI�;>\�?Al~DW;SREDxI vWI�lmp+I%K�RT\�l~DW;SRTI \evWw6BjRT@Av�I F6DÄJ6lm\áBT\�?A\²F6DÄD�BEvWJ�Ry\&Û��
;&DWvWD�BEBE=�KE@CIqD�Å�DWv�J&Ry\eK�BE@ClqJ6?�\eUWÂ/DWB�F6D�B�J>\ üT÷yö��>ú�ö�� � ø/÷�	íüT÷��
��� ð�� ô � \up>\eK�RT@CK�F6D�B�J>\�B�F6@ClmD�;6BEÂ/DWB�D�F&I%B
v�I�D�¶>vW@CDW;SRTD�BLF6DN\��6B�I%KEUWV�I3F6D4B�J>\�BLBEJ&p�D�K�ikµAv�@AD�BWÛ&B�@AlqJ&?�\�U�Â�D�BbDWBjRy\�BL@Clmp&KEDWB�vW@C;6F6µCc�DW@CBbp>\�KE\uJ6lm\q�6J6B�vd\
\eJ&RTI%lm=eRE@Avd\oF6DL?AI/vd\e?A@A�W\�UWÂ/DWB!´�RE@Alm\�Bïp>\eKT\�ikI%;SRTD�B�BEI%;&I%KT\�B�DLI�J&c/@A;SRTDLD�l�J6lm\�BT\e?�\GF6DLD�BEvWJ�Ry\&9�ÜoDWBjRTD
v�I%;SRTDíÅ�REI6Û]@A;SRTD�KEp6K�D�RT\�lmI�BL\~K�DWB�p�I%BjRy\^F6D4ikKED��/�&�W;6v�@�\^F6DNJ6lx\qBE\�?�\3v�I%lmI3B�DW;6F&I¦\3��J>\�;SRT@�¶>vd\�UWV�I~F>\
\�RTDW;�J>\eUdV�I�I%J�\�l~p6?A@�¶>vd\�UWV�IáB�I�ikKE@CF>\ p�I%K3vW\�F>\áikKED����6�W;6v�@�\ p>\�KE\ J&lx\ vWD�K�RT\�F6@CBEp+I%BE@CUdV�I F&DXikI�;�RED
B�I%;6I%KE\MD�I%J�c�@C;SRTD�9ª��B�BT\�BÙF6@CikD�KED�;6Ud\�B�;6IMvWI�lmp+I%K�RT\�l~DW;SRTI4F6Dovd\eF>\NikK�DW���6��;6vW@A\MBEV�I*v�I%;6B�DW���6�W;&vW@�\*F>\
K�DWB�BEI%;>ãe;6vW@A\ÒF6IXK�DWvW@C;SRTI6Û£F>\�BNF6@�ikDWK�DW;SRTD�BMc�DW?AI/vW@CF>\�F6D�B4F6D~\�l~I%K�REDWvW@ClmD�;SRTIÄF6I%BNB�@A;>\�@CB4D3F6I%BNl~I�F6I�B
;&I%KElm\�@ABbF6D4c�@C�6KT\eUdV�I69

��I�@AB4F6I%BNp6K�@A;6v�@Ap>\e@ABGl~I�F&DW?AI�BG�%DWI�lm��RTKE@CvWI%B<RTDW´�KE@Av�I%B4DWl~p6K�DW�S\�F&I%BNp>\�KT\X\ÄBE@ClqJ6?A\�UdV�IX\evWw6BjRT@AvW\
v�I%l~p6J&Ry\evW@AI�;>\�?%BEV�I<I 2xúWø/÷�óAú�ø/÷��¤ü �76�� ø/ú�ø/÷Ùü � ôýú�ö D�I 2xúWø/÷�óAú�ø/÷�	dú ð ��÷yö / ô0ü-�¹û � ôAö 9!:�lq�+I%B£�>\�B�DW@A\�l^Þ

8Cí



B�Du;>\^RTD�I%KE@A\~F>\m\�vWw&B�RT@Cvd\x��DWI%l~��REKE@AvW\3D*RTKE\eRy\el \�B<I�;6F>\�B<BEI%;6I�KT\�BovWI%l~IxKE\�@AI�Bo��J6D*@A;6v�@AF6D�lîDuBEV�I
K�D$¬>D�RT@CF6I%B�;>\�B�B�J6p+DWK�ikµCvW@CDWBªF6I4K�DWv�@A;SRTI6ÛSp&KED�REDW;6F&DW;6F6IMvWI�;6Ý6DWv�DWK�I4vWI�lmp+I%K�RT\�l~DW;SRTIGF&I4vd\�l~p�I4B�I%;6I%K�I
;&Iu?AI/vd\e?ý9!³ï\�KE\*IMp6KED�BED�;�RED�RTKE\��>\�?CÝ6I6ÛSIMlmI/F6D�?AINvWI%;&BE@AF&DWKT\eF6I*lm\�@CBÙ\eF6DW��J>\�F&Iup>\�KE\M@Clmp&?ADWl~DW;SRT\�UdV�I
ikI�@þI^lmI/F6DW?CI3F6D4ikI%;SRTD�B�c/@CK�RTJ6\�@AB�Û&c/@AB�REI^�/J&D*�NI^lx\e@AB�D�¶>vW@CDW;SRTDNp>\�KE\~BE\�?�\eBLF6DN�%DWI%l~D�REKE@A\uvWJ6�+´%@CF6D�9

Y#ZsY#ZcY ù û üL��þ�¿�ü®��þüfBü��¾ÿ+þ�¾nù ��û+ÿ�[<	���¾
abI%l~I3I3p6K�´%p6KE@CI3;6I%l~DG@A;&F6@AvW\&Û&D�B�RTDNl~I�F&DW?AIuDWB�RT=3�>\�BEDW\�F6I^;>\qRTD�I%KE@A\u�%D�I%lm��RTK�@Avd\*D4´�RT@Cvd\&Û�D4BE´

p+I/F6DqBED�K4\�p6?C@AvW\�F6I¦\x\�lq�6@CDW;SRTD�BGF6DqB�J6p�D�K�ikµCvW@AD�BGp6?A\�;>\�B<DqvWI%l·l~I�F6D�?AI%BoF6DqK�D$¬>DíÅ�Â�D�B4DWBEp+DWv�J6?�\eKEDWB�Û
��J6Do��I*vW\�BEIMF6I%BÙ\�lq�&@ADW;SREDWB�RTKE\eRy\�F&I%B�;6DWBjRTDop6KEI���D�RTI69ª��l�v�I%l~p>\�KT\eUdV�INvWI�l�\MB�I%?AJ&UdV�INF>\NDW��J>\�UWV�I
F&D*I%;&F>\&Û>��J6Duv�I%KEK�DWB�p�I%;&F6Duê^BEI�?AJ6UWV�ImF&DMJ&lx\^DW��J>\�UWV�IxF&@CikDWK�DW;6v�@�\�?�p�I%K�D�?ADWl~DW;SREI%BL¶>;6@CREI%B�DWlîJ6l
;�w6l~DWK�IGlqJ6@�RTI<�%KT\�;&F6DbF6Dbp�I%;SREI%BïF>\<BT\�?A\&Û�D�B�RTDblmI/F6DW?CI��%D�I%l~��RTK�@Av�IoREDWl­vWI%l~I�p6K�@A;6v�@Ap>\e?�ce\�;SRT\��%DWl
\¦B�J>\ÄDW;6I�KEl~DqD�¶>v�@A��;6vW@A\¦vWI%l~p6J&RT\�vW@CI%;>\�?¤Û�c/@ABjRTIÄ��J6DqRTI/F>\¦@C;&ikI%KElm\�UWV�Ixp6K�I�v�DWB�BT\�F>\XF6@C�qKED�BEp+DW@CREIXê
?CI�vW\�?A@C�d\�UWV�IXF6I I%J&c/@C;�REDxDÄêeBqKED�¬>D�Å�Â/DWB3��J6DÄ\eRE@A;6��DWlâ\���J6DW?CDxp+I%;SRTI69á��BjRTDÄl~I�F&DW?AIÒ�%D�I%lm��RTK�@AvWI��
�6\�B�RT\�;SRTD*\�vWJ6KE\�F6I~p>\�KE\m\�?�Ry\�BLikK�DW���6�W;&vW@�\eBWÛ]lx\eBoB�J>\mp&KE@A;&vW@Ap6\�?þF6D�B�ce\�;SRy\���DWlî�NikI%KE;6D�vWD�K<J6lm\^p6@AI%K
\ep6KEIdÅ�@Alm\�UdVeI3DWl��>\e@�Å&\�B�ikKED����6�W;6v�@�\�B�9

� l~I�F&DW?AINF>\eB�ikI%;SREDWBÙc/@CK�RTJ6\�@AB�Û/v�I%l~I*l~DW;6v�@AI%;6\�F6I*\�;SRTDWK�@AI%K�lmD�;SRTD�ÛSREKT\eRT\*\MI%;6F>\MBEI%;6I�KT\NvWI%l~I
J&l�KT\e@AI6ÛeD�\NK�D$¬>DíÅ&V�INF>\4I%;6F>\G;>\eB�BEJ6p+DWKjikµAvW@CDWB�F6IN\elq�6@AD�;SRTD��Lv�I%;6BE@CF6DWKE\�F>\4vWI�lmI4B�DW;6F6IND�BEp+DWvWJ&?�\�K�9
PQBjRTI~BE@C�%;6@C¶6vd\q��J6DMvd\�F>\^KED�¬>D�Å&V�I~F6I~BEI%lrDWl�J6lm\3p>\�K�DWF6DN�4RTKE\eRy\�F6\^v�I%l~I3BEDNRT@Cc�DWB�BEDMBE@AF&I~��DWKT\eF>\
p+I%KÙJ6lx\MikI%;SRTD�B�I%;6I%KE\ a c/@CK�RTJ6\�?5b���J6D4��@Alm\��%DWl�BE@Al~��REKE@Cvd\*F6\*ikI%;SRTDGp&KE@A;&vW@Ap6\�?�\kc%DQ�E\3\*¶>�%J&KT\^8�9`�²]L9

Ü<\Xl~I/F6DW?A\��%DWl·p>\�KE\¦IXp6KEI%�&?ADWlm\¦DWl ��J6DWBjRyV�I6Û£vW\�F>\¦ikI%;SRTD3c/@AKjRTJ>\�?#DWBjRy=X?AI/vd\�?C@A�d\eF>\mD�l�J6lm\
BE\�?�\ c/@AK�REJ>\�?¤ÛÙ@CF6DW;SRT@�¶>vd\eF>\¯p+I%K~J6l µA;6F6@CvWD

(i, j, k)
Û���J6Dá@C;6F6@Cvd\�\¯F6@CB�Ryãe;6vW@A\�F>\¯BT\�?A\ c/@AKjRTJ>\e?oD�l

K�DW?A\�UdV�IXêÄBE\�?�\¦K�Dd\�?ªD�l�;�w6l~DWK�IÒF&D~BE\�?�\eBWÛþB�I%�6KED^J6l DW@ßÅ&IÄREKE@AF&@Al~DW;6B�@AI%;>\e?ý9NÜ<IXvW\�BEI6Û!\xce\�K�@�=dc%D�?
iK�DWp6K�DWB�DW;SRy\¦\3F6@CB�RTã�;6vW@A\3;>\3F6@AK�DWUdVeImF6I^D�@�Å�I

x
Û]\3ce\�KE@A=dc%DW?

j
KED�p6KED�BEDW;SRT\¦\3F6@ABjRyã�;6v�@�\3;>\3F6@CKEDWUWV�I~F6I

D�@�Å�I
y
Ûþ\mce\�K�@�=dc%D�?

k
K�DWp6K�DWB�DW;SRy\X\¦F6@CB�Ryãe;6vW@A\m;>\¦F6@CKED�UdV�I¦F&I¦DW@ßÅ&I

z
9M³#I%KGDíÅ�DWl~p6?AI6Û�\xBT\e?�\mc/@AKjRTJ6\�?

@ClmD�F6@�\�Ry\�l~DW;SRTD�ê~F&@AKED�@CRT\uF>\^BT\�?A\^K�Dd\�?�;>\~F&@AKED�UdV�I^F6I^D�@�Å�I
x
p+I%BEB�J6@�µA;6F&@AvWD

(1, 0, 0)
9

±olx\3ikI%;SRTDMBEI%;&I%KT\^c�@CK�REJ>\�?�p+I�F6DeÛ]p�I%KoBEJ6\~c%D���Û+RTDWKoI%J&REKT\^@Alm\��%D�lrDWl I%J�RTKT\^p>\�K�DWF6DeÛ�D*\�B�BE@Al
B�J6vWD�BEB�@Cce\�l~DW;SRTDeÛ!F&IÄlmD�BEl~I¦lmI/F6I¦��J6D3J&l�DWB�p�D�?AÝ6I¦ikK�DW;SRTD^\¦I�J&RTK�I¦p6KEI/F6J6��@AK�@�\�l J6lm\xvd\eF6DW@A\¦F6D
@Clx\e�%DW;6Bb@A;&¶>;&@CRy\�9

:à¶>�%J6KE\²8/9YsÒlmI%BjRTKE\ÒJ6lm\XKEDWp&KEDWB�DW;SRy\eUdV�IáF&Dx\�?C�%J6lm\�B4BT\e?�\�B4c/@AKjRTJ>\�@CBN;6I²p6?A\�;6I
(x, y)

9¦³#\�KT\
D�ikDW@�RTIxF&Duvd=e?AvWJ&?AI~vWI%l~p6J&RT\�vW@CI%;>\�?¤Û6�*REI%lx\eF6ImJ&l·;�w6l~DWK�Ix?C@Al~@CRy\eF6I3F6DMBT\�?A\�Boc/@CK�RTJ6\�@ABLÞL\ep�D�;>\�B<\�B
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H#@A�%J6KE\38�9`� � noD�p6KED�BED�;�RT\�UdVeImF6DMJ6lm\qKED�¬>D�Å&V�Im;6I^p6?�\�;&I

B�@CREJ>\�F>\�BM\XJ6lm\ÒF6@CB�RTã�;6vW@A\ÄlmD�;6I%KNF6IÒ�/J&DxJ6lÍv�DWK�REI�KE\�@AIXlm=�Å�@Al~IÄF>\�BE\�?�\ÄK�Dd\�?¤9x��BEBE\²F6@CB�Ryãe;6vW@A\
ikI�@�RTI%lm\�F>\ÿv�I%l~I BEDW;&F6I¬\ B�I%lx\�RT´%K�@�\ F>\eBÒv�I%l~p�I%;&DW;SRTD�BÒF&I%BÄµA;6F&@AvWD�B

(i, j, k)
ÛG@CB�RTI �eÛG\ BEI�lx\

|i|+ |j|+ |k| 9t�D��%J6;6F&IÄIÄlmI/F6DW?CIxF6D*ikI%;SRTDWB<c�@CK�REJ>\�@AB�Û�I¦B�@A;>\e?#F>\xikI�;�REDqBEI�;6I%KT\mKED$¬6D�RT@CF6IÄp+I%K�J6lm\xp>\eKEDWF&Dq�
@CF6�W;SRE@AvWI*\�I*F6D<J&lx\MI%;6F>\MF6@AK�D�Ry\NvWK�@�\�F6\Mp+I%K�J6lx\4ikI%;SRTD�c/@AKjRTJ>\�?]B�@CRTJ6\�F>\NF6IuI%J�RTKEI*?�\�F&I*F>\Mp>\�K�DWF6De9
�GJÒBEDQ�E\&Û]F6Du\evWI%K�F6Imv�I%lîDWBjRTDMlmI/F6D�?AI6Û>\eB�ikI�;�REDWB�c/@AK�REJ>\�@CBL@AKEKE\�F6@A\�lrI%;&F>\�B�BEI%;&I%KT\�BoBE@C;6vWK�I%;6@C�d\�F>\eB
v�I%lâ\ÒikI%;SREDmp6K�@A;6v�@Ap>\e?�\kKEDW\�?3]í9Xt�DW��J6@A;6F&I²I²l~DWB�lmI�p6KEI/vWD�BEB�Iáp>\�KE\ÒRTI/F>\�B*\�BMikI%;SRTDWBMc/@AK�REJ>\�@CBM;6\�B
BE\�?�\eBïc/@AK�REJ>\�@CBª\�F��E\evWDW;SREDWBWÛ�p+I�F&DWl~I%BªDW;&vWI%;SRTKE\�KªRTI/F>\�Bª\�BªKED�¬>D�Å�Â/DWB�F6DLp6K�@Al~DW@CKT\<I�KEF6D�l ��J6D�p>\�B�BT\�l
p+I%KGJ&l«F6D�REDWK�lm@C;>\�F6IÄp+I%;SRTIÄF6IÒ\�lu�6@AD�;�RED�9u��B�BED^p6K�I�v�DWBEB�I�B�D^KEDWp+D�RED3p>\�KE\XK�D$¬>DíÅ�Â�D�BMF&D~B�DW�%J&;6F>\
I�KEF6D�l�Û�REDWK�vWDW@CKT\&Û�D�RTve9�PQ;6@CvW@�\e?Al~DW;SRTDeÛ�DWBjRTD�lm��RTI/F6I���lm\�@CBÒ@C;6F6@Cvd\�F6I�p6KE\�BE\�?�\eBÒF&D¯�%D�I%l~D�RTK�@�\�B
B�@Al~p6?AD�BWÛ#vWI%l~I \�BqF&DxikI%KElm\�v�J6�+´%@AF6DeÛ+�E=²��J6DÄp>\eKT\²�%D�I%l~D�RTK�@�\�BMlm\�@ABMvWI%l~p6?CD�Å&\�Bu�xlqJ6@CREI²F6@�ikµAv�@A?
@CF6DW;SRE@C¶>vW\�K�\�B�p�I�BE@AU�Â�D�BLF>\�BLikI%;SRTD�BLc�@CK�REJ>\�@AB�9

|�D�KEDWl~I%BÙ;>\qBED�UdV�I3B�DW�%J6@C;SRTD���J6DeÛ6p>\�KE\uI%B�vW=�?Av�J6?AI�BÙ;6D�vWD�BEBT=eKE@AI�B�p>\�KE\q\uBE@ClqJ6?A\�UdV�I&Û/��J6D�vWI%K�KEDWB�Þ
p+I%;6F&DWKTVeIX\�I%B4vd=e?AvWJ&?AI%BGF6\ üy÷yö��>ú�ö�� � ô32��+û/óYö�ô / � F6\XBE\�?�\�ÛþF6D�c�D�ÞìBED^vWI%;&BE@AF&DWKT\eKGRy\�lq�+�Wl \X\��6B�I%KEUWV�I
F6\�B�p>\�KED�F6DWB�Û]�/J&DMF&@Al~@A;�J6@�I3ce\�?CI%KLF>\3@A;SRTD�;6BE@CF>\�F6DNB�I%;6I%KE\&Û6�+DWl�v�I%lmI~\^\��6B�I%KEUWV�I^F6Im\�KW9
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Hï@A�%J&KT\^8�9`s � :�?C�%J6lm\�B�BE\�?�\�B�c/@CK�RTJ6\�@ABL;6I^p6?A\�;6Iw\0Å�ÛÉý�]
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8�9YO�9

• t/D f(x(k)) ≤ f(x(k) + h(m)s(k))
Û�BT\�@CKbF6D�B�RTD�?�\�U�I6Û&v�I%l
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_%O
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f(x(k) + αl+1h
(m)s(k)) ≥ f(x(k) + αlh

(m)s(k)).

• x(k+1) ← x(k) + αlh
(m)s(k) 9

• PQ;&vWKED�lmD�;SRy\�K k 9
©£í%9Ya�ª£PQ;6v�KEDWl~DW;SRED

m
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\eKE��J6@Cc�I ùªù h � ± � / � 9ÿ��BjRTDXlm��RTI/F6I KED�vWDW�+DXJ6l B�@A;>\�?bF6@AB�vWKED�RT@C�d\�F6I

f
ÛÙ��J6DX�XJ6l c�D�REI%K^vWI%;SRTD�;6F6I

\�KED�BEp+I%B�RT\¯@Al~p6J6?CBE@�c�\�Û�F&DÒRT\�lx\e;6Ý6I�@A�%J>\e?�\�J6lm\ p�I�RE�W;6v�@�\�F6Dá8/9 ��DWB�p�D�v�RTK�IÿvWI�KEKED�BEp+I%;6F6D�;SRTD
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B�DuD�;6vWI%;SREKT\x;6Ix\�KE��J6@�c%I ¾ 2��+û/óYö�÷ � ÷yö��>ú ð ö�÷
� ± � / � 9bt�D�J6B�F>\eF6I%B�F&DuDW;SREKT\�F>\~vWI%;&BE@ABjRTD�l·;6\�B�vW\�KT\�v�RTDíÞ
K�µABjRT@AvW\�BoF6DuJ6lm\mBE\�?�\^F6D*DWBEv�J&Ry\¦v�J6�+´%@AF6DU\¹F&@Al~DW;6B�Â�D�B�DMvWI/D�¶>v�@ADW;SREDqF6Dq\e�6BEI%K�UdV�IxF6DuvW\�F>\mJ&lx\~F6D
B�J>\�BoBEJ6p+DWKjikµAv�@ADWB�]bDNp�I%B�@AU�Â�D�B�¶�Å6\eF>\�Bop>\�KT\�íNikI%;SRTDNBEI�;6I%KT\3D�íMI%J&c/@A;SRTDe9�:­p6\�K�RE@AKLF6D�BEBT\eB<@C;&ikI%KElm\�Þ
U�Â�D�BWÛ]�N�%DWKE\�F>\^vWI%l~p6J&RT\�vW@CI%;>\�?ClmD�;SRTDGJ6lm\3BE��KE@ADNF6DMp+I%BE@CUWÂ/DWB�p>\�KE\ a ikI%;SRTD�B�c/@CK�RTJ6\�@AB}byÛ6B�@CRTJ6\�F>\�B�DWl
BE\�?�\eB�c�@CK�REJ>\�@AB�\eI~K�DWF6I�KLF>\~BE\�?�\qK�Dd\�?�DN��J6DNBTVeIm@Clx\���DW;6B�D�BEp+DWv�J6?�\�K�DWBoF>\qikI%;SRTDNI%K�@A�%@C;>\�?ý9
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µC;6F6@CvWDWB
(i, j, k)

Ûb@A;&F6@AvW\�F6I%K�DWB3F6DXBEJ6\�B^p�I%B�@AU�Â�D�B~D�l KED�?�\�UWV�I�ê BT\�?A\ K�Dd\�?¤Û�BT\eRE@AB�i¹\eUd\�l \ v�I%;6F6@CUdV�I
|i|+ |j|+ |k| ≤ N
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(xF , yF , zF )
à Ý

Û5ê0ì�ÜÞÝôÝGíIÛ�è
âåø�÷EÛ
(X − xF , yF , zF )

U.Û�ëHçHà
(xF , yF , zF )

èÞÝEì�âãè
óhÝ5ä
0 ≤ xF ≤ X/2

U
Y/2 ≤ yF ≤ Y

à
0 ≤ zF ≤ Z

ð7`��JÛJÛ�ê0ö«âåë�ì�à!çHà�ö5à�èÞàæÜfí>Û�è
âåï�âåÛ�ëSÝEçHÛ�à�ß
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xF = X/2 a Ü
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U
0 ≤ zO ≤ z

ð
W�è
ìÞà!î!ê0ß
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	 ßRî�ì�Û«çHÛ�çHàÒÛ5ìÞâåßRâåä�ÝEø�÷5Ûl�SÝ5è
à�Ý5ç0Û,àæß é�Ü�Ý5ç0àæè
U0Ý5Ûõè
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è
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ì�Ý�m
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raàæè
ìÞà{àd�©àæßRíHáåÛ�UtÛ��Hè
àæÜ
öEÝJf èÞà{êHßGÝôöEÝ5ÜÞâåÝ5ø�÷5ÛôçHàts q s©ðvu F � àæë�ì�Ü
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à�ëHïæÛ5ë£ìÞÜ�Ý5çHÝ0ð+w ÝEáåà#ÝWíIàæëHÝWßGà�ëHïæâãÛ�ëSÝ5ÜRì<Ý5ß��Iîæß R£êHà�Û�èiíIÛ�ë�ì�Û�èôçHà�íSÝ5Ü�ì�âåçHÝ2çHÛ ßRî�ì�Û«çHÛ2óPÛ5Ü�Ý5ß
(xF = 0.0, yF = 0.0, zF = 0.0)

à
(xO = 1.5, yO = 0.0, zO = 0.0)
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